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Abstract 

We obtain upper bounds on the heat content and on the torsional 
rigidity of a complete Riemannian manifold M, assuming a general- 
ized Hardy inequality for the Dirichlet Laplacian on M. 
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1 Introduction 



Let M be a complete C°° Riemannian manifold with boundary dM, and let 
— A be the Dirichlet Laplacian on M. In this paper we investigate the heat 
content of M if M has uniform initial temperature one, while dM is kept at 
temperature zero for all time t. Let u : M x [0, oo) —>■ R be the unique weak 
solution of 

Au = —, x G M, t > 0, (1) 

u{x,0) = l, xeM. (2) 
The heat content Qm(P) is defined by 

Qhi{t) = / u(x;t)dx. (3) 

It is well known that if M is compact and dM is C°° then there exists an 
asymptotic series for the heat content of the form 

j 

Q M (t) = ¥ j/2 + 0(t (J+1)/2 ), t - 0, (4) 

3=0 

where JeN, and where the coefficients are locally computable invariants of 
M. In particular, 

b = / 1 rfx = vol(M), (5) 



2 r , 2 

'dM 



h = ye / 1 dy = r^area((9M). (6) 

7T ' JAM 7T ' 



For details we refer to [HEj- 

In this paper we are concerned with the non-classical situation, where M 
is complete but non-compact. We shall be concerned with the setting where 
either M itself has infinite volume or where M has finite volume and dM 
has infinite area. We recall the following 

Let M be the closure of an open set Mq in Euclidean space with boundary 
dM = M\Mq. For x G Mq we define the distance in direction u, \u\ — 1, by 

d u (x) = mm{\t\ : x + tu G dM}, (7) 

and the mean distance function p : M — > [0, oo) by 

dU (8) 



p 2 (x) area(S m _i) i Sra _ 1 ^ (x) ' 
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where SVn-i is the unit sphere in W 71 . Theorem 3.4 in [3| asserts that if 

p 2 (x) = o(log(l + la;] 2 ))" 1 , \x\ -> oo, x G M (9) 

then M has finite heat content for all positive t. However, no upper bounds 
for the heat content in terms of t were obtained in this general situation. 

In this paper we obtain bounds for the heat content for a wide class of C°° 
complete Riemannian manifolds assuming a generalized Hardy inequality. 

Let 6 : M — * [0, oo) denote the distance to the boundary function on M: 

5{x) = min{d(x, y) : y G dM}, (10) 

where d(x, y) is the Riemannian distance between x and y. We say that —A 
satisfies a generalized Hardy inequality if there exist constants c > and 
7 G (0, 2] such that 

(ID 

in the sense of quadratic forms. 

Theorem 1. Let M be a complete C°° Riemannian manifold, and suppose 
that (jTTj) holds for some c > and 7 G (0, 2] . Suppose there exists [3 G (0, 27] 
such that 

5 (3 (x)dx < 00. (12) 



Then for all t > 

2e/?7c" 



QM(t) < { i 4 ± ^-) ( f ^(x)dx) t-W (13) 



Theorem 2. Let M be a complete C°° Riemannian manifold with finite 
volume, and suppose that fllljl holds for some c > and 7 G (0, 2]. T/ien /or 
a// 1 > 

Q M (t) <: vol(M) - 4- 1 / 1 dx. (14) 

The Hardy inequality (jlljl guarantees that the boundary is not too 
thin, and that sufficient cooling of Mq near dM will take place. Condition 
(|12|) in Theorem ^ guarantees that M does not have to much measure away 
from dM. Both the validity and applications of inequalities like (jllj) to 
spectral theory have been investigated in depth [8-11, 13]. 

Remark 3. If M is simply connected in M 2 then (jllj) holds with 7 = 2 and 
c = 1/16. If Mq is convex in M. m then (jTTj) holds with 7 = 2 and c = 1/4 
0i. 
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For open sets M in M. m it was shown (Theorem 1.5.3 in JB]) that 

("0 

in the sense of quadratic forms. The proofs of Theorems ^ and 121 together 
with (|15|) give the following. 

Corollary 4. Let M 6e the closure of an open set M in Euclidean space 
with boundary dM = M\M . Suppose there exists (3 G (0,4] such that 

p l3 {x)dx < oo. (16) 

M 



Then for allt>0 

efim 



Quit) < ( ( [ P f5 (x)dx] (17) 



M 



Corollary 5. Let M be the closure of an open set M in Euclidean space 
with boundary dM = M\Mq, and with finite volume. Then for all t > 

Q M {t) ;C vol (M) - A' 1 I 1 dx, (18) 

J {x£M:p(x)<(mt/2) 1 / 2 } 

Let pM{x,y;t),x e M, y G M, t > be the Dirichlet heat kernel for M. 
We say that M has finite torsional rigidity Pm if 

/•oo p i* 

Pm = III Pm(x, y; t)dx dy dt < oo. (19) 

Let Mq be an open subset of M m . It is well known that if Mq has finite volume 
then M has finite torsional rigidity. However, the converse is not true. In pQ 
we showed that if M C M m satisfies (|TT|) for 7 = 2 and some c > 0, then Pm 
is finite if and only if (|12|) holds with (3 = 2. Since the solution of (0121) with 
Dirichlet boundary conditions on DM is given by 



u{x;t)= I p M (x,y;t)dy, (20) 



M 



it follows that 



and 



Qm(*) = / / p M (x,y;t)dxdy, (21) 
'M Jm 



Pa/ = / Qa/(^- (22) 
Theorem gives the following. 
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Corollary 6. Suppose M is a complete C°° Riemannian manifold, and sup- 
pose that (fTTj) holds for some c > and 7 G (0, 2] . Suppose there exists e > 
swc/i t/iat (I12j) ZioWs for all (3 G (7 — £,7 + e). TTien M has finite torsional 
rigidity. 

The proof of Corollary El is elementary. We bound Qm{^) for small t by 
(fT3|) w ith /3 = 7 — e/2, and for large t by ffTTTf) with (3 = 7 + e/2. Similarly 
one can show that for open sets in M m , Pm is finite if fll6j) holds for all /? in 
some neighbourhood /3 = 2. The following result is an improvement. 

Theorem 7. /e£ M be the closure of an open set Mq in IR m with boundary 
dM = M\M . Suppose that f M p 2 (x)dx < 00. Then 

Pm ^ — / p 2 (x)dx. (23) 
™ Jm 

In Lemma 2.6 of [3] it was shown that if M C R m is such that Qmit) is 
finite for all t > then trace (e* A ) is finite for all t > 0. In the more general 
setting of complete C°° Riemannian manifolds we have the following. 

Corollary 8. Let M be a complete C°° Riemannian manifold, and suppose 
that (JTTJ) holds for some c > and 7 G (0,2]. Suppose (p"2|) holds for some 
(3 G (0, 27], and suppose there exists a function g : (0, 00) — > (0, 00) such that 

p M (x,x;t) ^g(t), xeM. (24) 

Then for all t > 

trace(e* A ) = / p M (x,x;t)dx ^ g(t/2)Q M (t/2) < 00. (25) 
Jm 

Sufficient conditions on the geometry of M which guarantee the uniform 
bound ()24|) were obtained by several authors (Section 6 in jT2] and the ref- 
erences therein). 

We conclude this introduction with an example to show that Theorems 
[Hand El are close to being sharp. 

Example 9. Let M(a) C R 2 be given by 

M(a) = {(6,6) : £1 > 0, |6| < (6 + 1)"°}, (26) 
where a > is a constant. 
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Since M(pt) is simply connected, we have by Remark |3] that (fTTj) holds 
with 7 = 2 and c = M(a) has infinite volume if and only if a ^ 1. 
Estimate (|T2|) holds in this case if and only if (3 > We can choose 

(3 G (0, 4] if and only if a > |. We conclude by Theorem [T] that for | < a ^ 1 
and any s > 

QA/(a)(t) ^!t (a - 1)/(2Q) - £ , t>0, (27) 

where i^i is a finite positive constant depending on a and £ respectively. 
Theorem 12 gives that for a > 1 

liminf(vol(M(a) - QM( Q )(t))t (1 ~ Q)/(2a) > K 2 , (28) 

where -K2 is a strictly positive constant depending on a. The precise asymp- 
totic behaviour of QM{a)(t) as t — ► has been computed in 0. The results 
in |2] show for example that (}2*Tj) holds for all < a < 1 with e = 0. 



2 Proof of Theorem 1 

Let A be the Dirichlet Laplacian acting in L 2 (M), and let u : Mx [0, oo) — > R 
be the unique weak solution of ((J) with initial condition 

u(x;0) = f(x), xeM, (29) 

where / : M — > [0, oo) is bounded and measurable. Then 

u = e tA /, (30) 

with integral representation 



u(x;t)= p M (x,y;t)f(y)dy. (31) 

J M 

We let e > 0, and choose {/ e : e > 0} to be a family of C°° functions on M 
such that < f e < 1, / E is monotone increasing as £ — > 0, and 

It follows by the maximum principle (Section 2.4 in (I2j) that 

p M (x,y,t)dy < 1. (33) 

Af 
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By Fubini's theorem and (j33j) we conclude that the unique solution u £ satisfies 



u £ (x;t)dx = / / p(x,y;t)f £ (y) dx dy 
M Jm Jm 



< [ fe(y)dy< [ 
Jm J \x 



1 dx 



{x£M:5(x)>e} 

< I e-Wix) < [ 5 (3 (x)dx < oo. 



(34) 



Let p ^ 3/2. By the maximum principle we have that < u e < 1. Hence 



u 2 / 2 <u £ , and 



u 2p 2 (x;t)dx < I u £ (x;t)dx. 



M 



(35) 



M 



Hence, by Fubini's theorem, Cauchy-Schwarz's inequality and (|33|) 

d 



dt 



u p (x; t)dx 



M 



P 



u p r 1 (x]t)—^{x]t)dx 

M °f 



<p{ uf- 2 (x;t)dx 

' M 



1/2 



<p\ J u £ (x; t)dx 



1/2 



du 
m v dt 

du. x 
m v dt 



£ [x] t) ) dx 



1/2 



£ (x; t) ) dx 



1/2 



(36) 



But 



M 



du £ 
~dt 



x-t)\ dx=(Ae tA f £ , Ae t/X f £ ) 



(37) 



((Ae 



tA/2\ tA/2 



/«, (Ae 



tA/2\ tA/2 



fe), 



and since Ae* A//2 is a bounded operator, bounded by 2/(ei), we have that 



du 

M V <9t 



4 
e" 2 ? 2 
4 



<^(e iA / £ ,/ £ ) 



(3? 



e 2 t 2 



Ai 
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By (I36H38|) we conclude that we have the estimate 



■— f u p (x;t)dx < — I u £ (x;t)dx. (39) 
dt J M et J M 



We use Fubini's theorem, integration by parts, and the generalized Hardy 
inequality (JTTJ) to obtain 



— / u p (x; t)dx = —p I u p 1 (x;t)Au £ (x;t)dx 



p-i t 

e V~> "J — f I -£ 

M JM 



p(p-l) / u p ~ 2 {x;t){Vu £ {x;t)) 2 dx 



M 



4(p-i; 



V Jm 



\Vu p J 2 (x:t)\ 2 dx 



(40) 



> — ^ [ u P (x-t)5-\x)dx. 
V Jm 

Combining the estimates of (}3*9"j) and (J4*U|) yields 

u £ (x;t)> yP / / u p {x;t)5^{x)dx. (41) 
M P Jm 

By (J3*lj) the left hand side of (}4~Tj) is finite and this implies that the right 
hand side of (}4~T|) is finite as well. By Holder's inequality 

r f ~\ Vp r r -\ (p-i)/p 

u £ (x;t)dx < I / <(x;t)r 7 (x)dx ^ <^ / 5(x) 7/(p_1) da4 . (42) 



Since /? G (0,27] by the hypothesis in Theorem^ the choice 

V = 1 + j (43) 
guarantees that p ^ 3/2. Then ^/(p -1 ) is integrable by p2jl . By (|4*T|) and 

/ 2 \P/(P-1) r 

u p £ {x;t)8-t{x)dx < ( ^ — / 5(x) 7/(p - 1} c/x). (44) 



Substitution of into (f4*2"J) then results into 

/ n 2 \V(P-1) 

u c (z; t)rfx < P - / ^x)^- 1 ^ (45) 
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and a further substitution of ()43|) into ()45|) gives 



u £ (x;t)dx< ( ( f + ^ Y h I sP(x)dx. (46) 



<M \ Zepjct j JM 

Since the right hand side of (f4T)J) is independent of e we have by Fatou's 
lemma 



Quit) = / (Hm« e (rr; t))dx 
Jm 



(47) 



□ 



3 Proof of Theorem 2 

Let / = 1 in (|2HJ), and note that 

Q M (2t) = (e 2 ' A l,l> = (e' A l,e tA l) = / u z (x;t)dx. (45 



Hence (|4()jl for p = 2 gives 



-—Q M {2t)^2cf u 2 {x-t)5~^{x)dx. (49) 



Integrating this inequality with respect to t over [0, £] yields by Fubini's 
theorem 

vol(M) - Q M (2t) > 2c I dx [ w 2 (x;r)<T 7 '{x)dr. (50) 

Jm Jo 

It follows, by the maximum principle, that u(x; r) ^ u(x; 2t) for all ^ r ^ t. 
Hence 

vol(M) - Q M (2t) > 2ct / w 2 (x;2t)r 7 (x)c/x. (51) 

Jm 

Let « = 1 — f . We use the definition given in (j3J) and we use equation (joTj) 
to see that for any e > 

v(x;t)dx ^ ct / (1 — f (x; t)) 2 5~ 7 (x)(ix 
Jm 

>ct/ (1 -t;(x;t)) 2 <r 7 (x)cfe (52) 



> cte^ / (1 - 2v(x;i))ete). 

' {x&M:6[x)<e} 



It follows that 

(l + 2cte^ 7 ) / v(x;t)dx ^ cte' 7 1 dx. (53) 

JM J {x£M:8{x)<e} 

The choice 

e = (2ct) 1/7 (54) 
in ()53|) completes the proof of Theorem |21 □ 

To prove Corollaries 0] and 03 respectively we note that (fl3j) holds for open 
sets Mo C M m . We follow the proofs of Theorems Q and |2] respectively by 
replacing 5 by p, c by m/4 and 7 by 2 throughout. 

To prove Corollary |H1 we note that by (5.2) in Section 5.1 of [12J and (J21} 

p M (x, y; t) ^ (p M (x, x; t)p M (y, y, t)) 1/2 ^ g{t). (55) 

Hence 

p M (x,x;t)dx = / / p 2 M (x,y;t/2)dxdy 

M J M JM 



< g(t/2) / / p M (x, y; t/2)dxdy < g(t/2)Q M (t/2) < 00. 

<M JM 

(56) 
□ 



4 Proof of Theorem [7] 

The proof of Theorem is based on a couple of lemmas which are of inde- 
pendent interest, and which are related to results on the expected life time 
of /^-conditioned Brownian motion [HJ[7|. 

Lemma 10. Let M Q be an open set in IR m , m ^ 3. Suppose that for all e > 

vol({x e M : S(x) > e}) < oo. (57) 
Let {f £ : e > 0} 6e as in the proof of Theorem^ Then 

-Aw = f £ , (58) 

has a unique, weak, bounded and non-negative solution w £ with 

I ML sC — — rVoUx e M : S(x) > e} 2/m . (59) 

II eM An m-2) 1 \ ) ) \ J 
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Proof. Put 

M £ = {xe M : 5(x) > e}. (60) 
Since 5 < p, (f6H|) implies that J S 2 (x)dx < oo. Then the last three in- 

M 

equalities in the right hand side of ()34j) for (3 = 2 imply vol(M e ) < oo for 
e > 0. 

Since (—A) -1 has integral kernel 



p M (x,y;t)dt (61) 



n 



we have that 



M JO 



u> e (aO = / / PAi(x,y;t) dt f e {y)dy 



M e JO 



p M {x,y,t) dt f E (y)dy (62) 



OC' 



< / / p M (x,y;t) dt dy. 

J M e JO 

By positivity of the Dirichlet heat Kernel 

p M (x,y;t)dy < / p M (x,y;t)dy < 1. (63) 
Hence for to > we have by Fubini's theorem 

/ / p M {x,y;t) dt dy <t . (64) 

JM £ JO 

Moreover, by monotonicity of the Dirichlet heat Kernel 

p M (x,y;t) < {^ty m l\ (65) 

Hence for m > 3 

/ / p M (x, 2/; t) dt dy < (47T)" m / 2 -t - m/2 vol(M £ ). (66) 

jm £ J t m — Z 

By (j64"|) and (jHEJ) we conclude that 

< to + (4vr)- m / 2 ^— t ~ m/2 vol(M £ ). (67) 
m — 2 

We minimize the right hand side of (JBTj) by setting 

t = (4 7 r)- 1 (vol(M £ )) 2 / m , (68) 
and ()59j) now follows. □ 
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Lemma 11. Let M be an open set in IR 2 . Suppose that 

p 2 (x)dx < oo. (69) 



M 

Let {f £ : e > 0} be as in the Proof of Theorem^ Then (}58|) has a unique, 
weak, bounded and non-negative solution w £ with 

IKIU< 0vol(M £ ) J^p 2 {x)dx^j ' . (70) 

Proof. Let 

A = inf spec(-A). (71) 

Then by (I15|) we have for any smooth function u with compact support in 
M , and with \\u\\ 2 = 1, 



< ( 2 / |Vw(a;)| 2 dx / p 2 (a;)rfa; 



1/2 



(72) 



Taking the infimum over all such u we obtain by (|69j) and (J72j) 



\>\( I p 2 (x)dx] > 0. (73) 



2 



To prove Lemma ITT1 we have by domain monotonicity 

Pm(x, x] t) < e' tx / 2 p M (x, x; t/2) < {2ut)- 1 e~ tx ' 2 , (74) 
and hence by (JST)j) 

p M (x,y,t) < {2-Kt)- l e- tx ' 2 . (75) 

As in the proof of Lemma ITU1 we have the estimates (j62H64j) . Estimate (JBTIj) 
is replaced, using (fT5j) . by 

f /*oo i* 1*00 

/ / p M {x,y;t)dtdy < ldy {2irt)- l e- tx / 2 dt 
Jm £ Jt Jm s Jt (76) 

= (7rt A)- 1 vol(M £ ). 

By (JEHU) and (f7fij) 

w e (x) < t + (7rt A)- 1 vol(M e ). (77) 
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We minimize the right hand side of (|77jl by setting 

t = (vol(M £ )/( 7 rA)) 1 /2. 

We then substitute the lower bound for A in (J73J) to obtain (J70*j) . □ 

We can now give the proof of Theorem [7| We choose the family 
{f e : s > 0} as in the proof of the Theorem Q Since we have assumed that 
J M p 2 (x)dx < oo the support of f £ has finite volume. Since < f £ < 1 and 
since ||ii>e||oo < oo (by Lemmas ITU1 and ITT|) we have that w £ f £ is integrable 
on M. By (jHEJ), an integration by parts and fTKJ) we conclude that 

oo > / w £ (x)f £ (x)dx > — / w £ (x)Aw £ (x)dx = / \Vw £ {x)\ 2 dx 
Jm Jm Jm 



> — I w 2 (x)p 2 (x)dx. 
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£ 

M 



(7E 



By assumption f M p 2 (x)dx < oo. Hence by Holder's inequality 



^(a;)/ £ (:r)d;r < (7 ^(^^ ^ f p 2 {x)dx " 
m \Jm P { x ) Jm 

< ( / w 2 (x)p~ 2 (x)dx / p 2 (x)dx 
'm Jm 



(79) 



By dZHJ) and (f73jl 
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^(x)p" 2 (x)rfx < — / p 2 (x)dx, (80) 



M m2 



and by (JZHJ) and flEOJ) 

w £ {x)f £ {x)dx < — / p 2 {x)dx. (81) 
m m Jm 

By the first equality in (}62|) . (j8T| and Fubini's theorem 

oo 

p M (x, y; t)f £ {x)f £ {y) dx dy dt < — J p 2 (x)dx. (82) 

M M M 

Since f £ is increasing as e —>■ 0, we have by the monotone convergence theorem 

oo 

4 r 

PM(x,y;t) dx dy dt ^ — / p 2 (x)dx. (83) 





m _ 

MM M 



But this is the conclusion of Theorem by definition (|2*2"|) . □ 
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